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Abstract 

We construct the explicit one-loop functional of chiral perturbation 
theory for two light flavours, including virtual photons. We stick to con- 
tributions where 1 or 2 mesons and at most one photon are running in the 
loops. With the explicit functional at hand, the evaluation of the relevant 
Green functions boils down to performing traces over the flavour matrices. 
For illustration, we work out the tt'^'tv^ —* tt^tt" scattering amplitude at 
threshold at order p*, e^p^. 
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1 Introduction 



The low-energy structure of QCD may be investigated in the context of chiral 
perturbation theory [1, 2. 3]. In Refs. [2, 3] Gasser and Leutwyler constructed 
the generating functional of SU(A^/) x SU(iVj) for Nf = 2,3 to order p^. An 
explicit representation of this functional, including graphs with up to two prop- 
agators and at most four external pion ficlds"'^, was also given. For the first two 
flavours u and d, this construction was extended recently to include graphs with 
three propagators [4]. 

In the case of QCD including electromagnetic interactions, the initial theory de- 
pends on the strong coupling constant g, the fine structure constant a ~ 1/137 
and the light quark masses. The corresponding effective theory was formulated 
in Refs. [5, 6, 7, 8]. It is based on a systematic expansion, which combines the 
chiral power counting scheme with the expansion in powers of the electromag- 
netic coupling e. Within this framework, virtual photon effects were calculated 
for a number of processes. In the two-flavour case, electromagnetic corrections 
to the TT — TT scattering amplitude [7, 8, 9] as well as to the vector and scalar 
form factors [10] have been evaluated at next-to-leading order. Further, pionic 
beta decay and radiative t decay have been analyzed [11, 12] in a generalized 
framework including leptons and virtual photons [13]. Virtual photons have also 
been included in the three-flavour case [14, 15, 16, 17, 18]. 
The purpose of the present article is to include virtual photons in the explicit 
generating functional at one-loop [2]. The advantage of having the explicit 
functional at hand is evident: The calculation of S-matrix elements boils down 
to performing traces over flavour matrices - the combinatorics has already been 
carried out and all quantities are expressed in terms of ultraviolet finite integrals. 
In the following, we stick to the two-flavour case. The extension to three flavours 
will be considered elsewhere [19]. 

The article is organized as follows: In the first part (Sects. 2, 3), we construct 
the generating functional for SU(2)r x SU(2)l x U(1)v to ©(p^, eV) in the 
low-energy expansion. This allows us to calculate Green functions to next-to- 
leading order in a simultaneous expansion in powers of the external momenta, 
of the quark masses and of the electromagnetic coupling. In order to extract 
form factors or scattering amplitudes from our explicit representation of the 
generating functional, one simply has to perform traces over flavour matrices. 
The extraction procedure is demonstrated in Sects. 5 and 6 by means of the 
TT+TT" — > 7r°7r° scattering amplitude. 

2 Lagrangian 

The variables of the effective theory are the pion field U{x) G SU(2) and the 
photon field A^{x). As shown in Ref. [6], the electric charge must be - for 
consistency - treated as a quantity of order p in the chiral expansion. 

^The formula presented also includes external vector, axial vector, scalar and pseudoscalar 
fields. 
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2.1 Leading order 

At a ^ 0, the leading order Lagrangian which is consistent with chiral symmetry 
becomes [5, 6], 

£(2) = ^{d^'u+d^U + x+U + U+x)-\F^'-F^, 



l-^d^A^f + C{QnUQi^U+), (2.1) 



with 

F^, = df,A, - d,A^, d^U = d^U -iR^U + iUL^, x = 2B{s + ip), (2.2) 
and 

Rfi = + -4^(3r + a^, 

Lf, = Vf_t + A^Qi^ - afj^. (2.3) 

The symbol (. . .) denotes the trace in flavour space. The external fields Vfj,, a^, 
p and s are given by 

v^ = yi + v'^, a^ = a'^, (2.4) 
s = s°l + sV, p = p°1+p't\ 

where r' denote the Pauli matrices. We restrict ourselves to isovector axial 
fields, i.e. we take (a^) = 0. For the transformation properties of the external 
fields, we refer to [2]. The mass matrix of the two light quarks is contained in 
s, 

s = M-\ , = diag(m„,md) . (2.5) 

To ensure the chiral symmetry of the effective Lagrangian (2.1), the local right- 
and left-handed spurious Qn and Ql transform under SU(2)r x SU(2)l, ac- 
cording to 

Qi = ViQiV+, I = R,L. (2.6) 
In the following, we work with a constant charge matrix 

0R = 0L = 0=|diag(2,-l). (2.7) 

The quantity a denotes the gauge fixing parameter and the parameters F, B 
and C are the three low-energy coupling constants occurring at leading order. 
In the chiral limit and in absence of electromagnetic interactions, F coincides 
with the pion decay constant, normalized such that F^^ = 92.4MeV [20], while 
B is related to the quark condensate. The coupling constant C occurs in the 
low-energy expansion of the charged physical pion mass only. 
Finally, the matrix U is determined by the equation of motion 

d^d''UU+ - Ud^d''U+ + Ux+ - xu+ - l{Ux+ - xu+) 

4C 

+ -^{UQU+Q-QUQU+) = 0, (2.8) 
while the field equations for the photon field read 

[g^.a - (1 - d^d.] A'' + ' {d^U[U+,Q]) = 0. (2.9) 
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2.2 Next-to- leading order 

The next-to-leading order Lagrangian reads 

6'^'^ = £p4 + £p2e2 + £e*- (2.10) 
The Lagrangian at order was constructed in Refs. [2, 7, 21]^, 

+ ^-±{d>'U+d^X + d'^X^d^U) + h{R^.UL>^^U+) 

+ Y{R^.d^Ud''U+ + L^,d^U+d^U) - ^(x+C/ - U+x? 

+\{hi + hi){x+x) + ^(/^i - hz)Re{detx) 

-\{h + 4h2){R^,.R'"' + L^.L'"') 

+ + (2.11) 

with right- and left-handed fields strengths defined as 

■t'/i!/ = dfj^Lj, — Oj^L^ — i [Lij^,Li,] , L^j^i, = L^^, — -(L^;^). (2.12) 

The most general list of counterterms occurring at order p^e^ was given in Refs. 
[7, 8], 

£p2,2 = F^{ki{d''U+df,U){Q^}+k2{d''U+df,U){QUQU+) 

+k3{{d^U+QU){d^U+QU) + {di'UQU+){d^UQU+)) 

+k4{d^U+QU){d^UQU+) + k^ix^U + U+x){Q^) 

+ke{x+U + U+x){QUQU+} 

+k7{{xU+ + Ux+)Q + ix+U + U+x)Q){Q) 

+ks{ixu+ - Ux+)QUQU+ + ix-^u - U+x)QU+QU) 

+kQ{d^U+[c'^Q,Q]U + d^U[c';^Q,Q]U+) 

+kwKQUcL^QU+) + kn{d^QcR^,Q + c^Qcl^Q)}, (2.13) 

where 

c!^Q = -i[I^',Q], I = R,L. (2.14) 

In the following wc consider the ncxt-to-lcading order contributions where at 
most one virtual photon is running in a loop. Therefore, we drop the term £^4 
in Eq. (2.10), (terms with fci2,fci3 and ki4 in Ref. [7]). 
The renormalized couplings are defined by 

h = li + li\ 

hi = hi + 6iX, 

ki = kl + a,\ (2.15) 
^Ref. [7] uses a diflferent convention for the coupling constant /i2. 
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with 



,(i-4 r 



A = 



167r2 



d 



i^-i(ln47r + r'(l) + l) 



(2.16) 



The coupUng constant is finite at d = 4 [21], because the singlet fields {v^) 
and Af,{Q) do not occur in the leading order Lagrangian (2.1). The coefficients 
7i, 5i and Ui are specified in Refs. [2] and [7]. 



3 Generating functional at one— loop 

To evaluate the one-loop contribution to the generating functional, we expand 
U and An around their solutions U = and to the classical equations of 
motion, 

u = u{i+i^-^e + ■■■>, ^=^er\ 

= A^ + e^. (3.1) 

Collecting the fluctuations in 77 = (^^, . . . , e-^, . . . , e'^), the Euclidean action 
can be written as a quadratic form [6, 7], 

j dxEC%^ = j dxEC%^ + \j dxEV^Di^'v''- (3.2) 

—(2) 

Here, C^^' is evaluated at the solution to the classical equations of motion. The 
one-loop functional .^Boneioop then takes the form: 

.^iJoneioop = -IndetDfi. (3.3) 
3.1 Differential operator 

In the Feynman gauge a = 1, the Euclidean differential operator is given by 

D^^ = -(I]^I]^)^^+A^^ A,B = 1,...,7, (3.4) 

with 

The pion field indices i, k run from 1 to 3, while the photon field components 

are labeled by Greek letters tr, p = 1, . . . , 4. 

To renormalize the determinant we work in d ^ 4 dimensions, 



1 1 dW^ 

^ ;{[H++H_,T'][H+-H_,r>']+i^ k), 



8F2 

= -^([r%r'=]r^), 
P = -^{Hl), (3.6) 
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where 



and 



1 i - 

2- — 

-2'"(^/^ + ^/^*3L-a/.)w"^, (3.7) 



1 - 1 - 

£7 = - {u^XU^ + UX^v) , 



In the absence of external fields De reduces to 



where 
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(3.9) 



The parameters Mi denote the pion masses at leading order 

2(7p2 

= M| = Ml = 2Bm + M| = = 2Bm, (3.10) 
with TO = {rUu + TOd)/2. The full operator is given by 
De = Doe+Se, 

5e = -{d^,Y^}-Y^Yi_,+A, (3.11) 



A=( f^lk ), a^''=a^'-M^S^'^. (3.12) 



3.2 Expansion in Se 

To work out explicitly the one-loop contributions to a given Green function, 

wc have to expand the determinant of the differential operator in powers of the 
external fields. Since 6e vanishes if the external fields are switched off, we may 
expand IndetD^ in powers of ^b, 

-^Boneloop = | IndctDoB + \{Dqe^e) — \{Dqe^eDq^5e) 

+ I{D-^SeD-^SeD-^Se) + ■■■. (3.13) 

Following the counting scheme used in Refs. [2, 3], the external fields and p 
count as 0{^), whereas v and s — ^A are of 0($^). 

In the presence of electromagnetic interactions 5e is of 0{^) rather than 0($^), 
since the quantities 7 and X count as £'($). To achieve an accuracy of 0{^^), 
it is sufficient to stop the expansion in (3.13) at 0{Se)- This is due to the fact 
that both, 7 and X, arc of order e, and their contributions at 0($*) are beyond 
the precision of our calculation. 
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3.3 Tadpole and unitarity contributions to order 

In the following, wc work in Minkowski spacetimc. If wc add J dx{£S'^^ + CS^^) 
to ^oneioop and renormalize the low-energy couplings according to [2, 7], the 
result for the generating functional to 0{p'^, e^p^) is ultraviolet finite as — > 4. 
At order it takes the form, (see figure 1) 

Z = Zt + Zu. (3.14) 

Explicitly, Zt consists of 

Zt = J dxau{x) + j^Mf j dxYi{x)Yi{x) 

+ J dxaik{x)Yk{x)Yi{x)-^ j dxD^Y,{x)D^'Yi{x) 

+ j dxC,2{x)+ j dx£l{x), (3.15) 

where the first term contains tadpole contributions, the next three terms are 
generated by expanding Z„ around d = 4, while the last two terms are tree 
graphs. Repeated isospin indices are summed over. The quantity aik now 
corresponds to^ 

1 1 dP^ 

aik = ^{[A^,Ti\ [A^u]) + -Sik{a) - —{H.n){H.Tk) 

-^{[H++H_,Ti] [H+-H_,Tk]+i^ k) - M^Sik, (3.16) 

and 

Yi = ^{H_Ti), D^Yi = d^Y, + rf.Ffe. (3.17) 
The unitarity correction Z„ = Z^^ + Z^^ contains one-loop graphs with two 







Figure 1: One-loop diagrams: The dots denote polynomials in the classical 
fields U, A^, as well as in the external fields v^, a^, p and s. The plain line 
stands for the pion propagator and the wiggled line describes the photon. 



^For further convenience, we specify an, in d 7^ 4 dimensions. However, Eq. (3.15) is both, 
ultraviolet and infrared finite as d —* 4. 
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vertices, 



Zu, = I dxdy{M;,{x^y,Mf,Mi)T';,{x)Tl{y) 
+2Mli'-{x-y,Mf,0)Y,{x)Y,{y) 

+K^{x-y,MlMl) [Ttk{x)<Tu{y) + dV^^^{x)Yk{y)Y,{y)] 
-K^{x-y,MlO) [Yi{xh^{y)+2Y,{x)r';,{y)Yk{y)] 
+\r{x-y,MlMl) [aik{x)aki{y) + 2daik{x)Yk{y)Yi{y)] 
-lr{x-y,Mf,0) bnxH4y) + Aji^{x)Tf,{y)Yk{y)] }, (3.18) 

as well as the triangle vertex diagram with two pion and one photon propagator, 

Zm = j dxdydz{lT{x-y,y-z,MlMl)-i'^{x)aik{y)lky.{z) 

+\T,^{x~y,y-z,MlMl)Y,{x)aMl'^{z) 
-lT2^ix-y,y-z, Ml M^,)j^{x)aMYkiz) 
-^n^{x-y,y-z, Ml Ml)^'^ {x)Tit^,{yhUz) 
+\Tl^Ax-y,y-z, Ml M^)Y,ix)r';,{ymz) 
ix -y,y~z,Ml M2)7f (x)r;:;^ {y)Yk (z) 
+\T^I.{^,-y, y-z, Mf, Ml)Y,{x)a,k{y)Yk{z) 
-\Tli:{x-y, y-z, Mf, Ml)Y,{x)VUy)Yk{z)} . (3.19) 

For the definition of the various kernels, we refer the reader to appendix A. For 
non-exceptional momenta, the generating functional (3.15), (3.18) and (3.19) 
is finite as (i ^ 4. However, wc want to extract on shell matrix elements 
and this leads in general to infrared singularities. We treat these infrared pole 
terms using dimensional regularization. Both, the kernels as well as the flavour 
matrices arc thus written in d 7^ 4 dimensions. 

In the isospin symmetry limit m„ = rud and a = 0, our expression agrees with 
the explicit one-loop functional of SU(2) x SU(2) in Ref. [2]. 
The representation for the generating fimctional, specified in (3.15), (3.18) and 
(3.19), contains the one-loop contributions to Green functions in the even in- 
trinsic parity sector, formed with the quark currents, 

qq, P' = qi^^T\, P° = qijsq, (3.20) 

V^ = lq%.q^ A\, = \qi^l^T^q. (3.21) 

The accuracy 0{<^'^) suffices to calculate all two-point functions, the three-point 
functions containing one vector or scalar current, as well as the pseudoscalar and 
axial four-point functions. 

The calculation of form factors or scattering amplitudes from the explicit rep- 
resentation of the generating functional (3.15), (3.18) and (3.19) amounts to 
perform the traces over the flavour matrices. In Sect. 5, wc demonstrate the 
extraction procedure by means of the it — it scattering amplitude. 



= qr'q, S° = 
and ^ 
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4 Masses and decay constants 

In the following, it is convenient to work in c7-parameterization, i.e. to represent 
the matrix U{x) in the form 



U{x) 



1 



1 



however, all the steps listed are parameterization independent. 



(4.1) 



4.1 Generating functional at order 

We expand the generating functional in powers of 

Z = const + + Z^") + • • • 



(4.2) 



where the pion field (f) counts as (!?($) and the photon field is of order 
This can be seen by solving the equations of motion (2.8) and (2.9) to first 
and second order in respectively. The field equations for the pion field are 

discussed in subsection 5.1. 

In the presence of electromagnetic interactions, the quadratic term Z'^' contains 
non-local contributions coming from Z^^ . If we expand their Fourier transform 
around the physical pion masses M„. , we arrive at 



dx 



1 



Zr^(t>' (□ + Af2J 4/ + ^i^^.a^a 



+Z. ~'G^,p'(t>' + ^3 ~'G^p^(i)\x) + 



(4.3) 



The ellipsis stands for terms which do not contribute to the residue of the pole 

in the axial or pseudoscalar two-point functions. 

The scaling factors Zq = Z^ and Z+ = Zi = Z^ are given by 



^0 



= 1 - 



20e^ 



+ 



Ml Ml 



1 + ^e^XiR 
1 



206^ 



'Ml , Ml 
M2 In^ + Mo'ln^ 



167r2F2 

We used dimensional regularization to treat the infrared singularity. 



A/R = 



167r2 



^-i(ln4. + r'(l) + l) 



(4.4) 



(4.5) 



Note that the scaling factors Z^ and Z^ are parameterization independent, since 
unitarity determines the expansion of the field U to 0($2). 



4.2 Physical masses 

We choose the charged pion mass as normalization point [22]. In the isospin- 
symmetry limit to„ = and a = 0, the position of the pole in the correlator of 
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two axial currents is identified with the charged pion mass. The physical masses 
then read at next-to-leading order'', 

Mu = Ml + AC - "\;':X' h + [(3 + f ) h - 



4e^ 
"9" 

f2 



-i (5 + AZ) fcg + f (1 + 8Z) fee + (1 - 8^) fcg] + — ^7 



and 

= - Ml 



tO 



r _ _ 

26^^^^ + ^ <^ [8 + 3^3 + 4Zfc4 + 2(1 + 8Z) fee + (1 - 8Z) h] 

-^(m;. -4e'i^.^)l■.^} + ^^'^"^t:""'' '^ + '^(e^»■'). (") 

with Z = C/F'^. The scale independent low-energy constants U and A;i are 
defined by 

4.3 Coupling constants and at a 7^ 

The quantities F^^^ and G^^ are the coupling constants of the isovector axial and 
pseudoscalar currents to the pion, 

(0| a; Itt'^) = (0| 1^'^) = (4.9) 

while G,r stands for the one-particle matrix element of the isoscalar density, 

(0| P° Itt^) = G^. (4.10) 

The coupling constants F^r- , Gtt; and G^r are given explicitly in appendix C. 
For a constant charge matrix Q the generating functional is invariant under the 
subgroup of SU(2)r x SU(2)l transformations 

= exp(iar3), = exp(i6T3). (4.11) 
This implies in particular that the relation, 

F^oMl, = mG^o + !IhL^G^, (4.12) 

holds at a 7^ 0. Wc checked that the explicit expressions for M^ajF^o, G^o and 
Gtt satisfy this relation to order p'^,p^e'^. 

*The coefficient of (nid—m-u) differs by a factor | from the corresponding term obtained 
in Ref. [7]. 
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5 Extracting the tt+tt 7r°7r° amplitude from 
the generating functional 

To extract the scattering amplitude from the generating functional, we may 
concentrate on the pscudoscalar four-point function. The external fields a^, 
and p° are switched off and the scalar field s is set to M. We may even switch 
A^j^ off, because there are no one-photon exchange contributions to tt+tt" — > 7r°7r° 
at tree level. Now Z = Z{p^,4)) is a functional of only, depending on both 
explicitly and implicitly through the equation of motion (2.8). 
The pseudoscalar four-point function is given by the coefficient of p'S • • • ) P** 
in the expansion of Z{p^, (j)) in powers of 



5.1 Equation of motion 

The solution of the equation of motion (2.8) represents a power series in 

^ = 0(i)+,/,(3) + ... . (5.1) 

To order only the leading order term gives a contribution to the action. 
Exphcitly, tj)^^^ reads 

<^(i)^(x) = 2BF J dyAiix - y)p\y), (5.2) 

where Aj stands for the Feynman propagator of a pion with mass Mj. Since 
(j) represents an extremum of the action J dxC^^^ , the classical solution may be 
replaced with the extremum of (4.3), 

4>\x) = Z^G^, J dyA^,{x-y)p\y) + 0{^^), 
4>{x) = ^{x) + 0{p^), (5.3) 

where A„ . denotes the Feynman propagator with physical mass M^. . The shift 
^ — > affects the classical action at order p^ only, 

J da;£(2){<^} = J dxC^^^l^} + 0(/), (5.4) 
which is beyond one-loop accuracy. 



5.2 Recipe 

We may determine the scattering matrix element from the on-shell residue of the 
fourfold pole in the Fourier transform of the pseudoscalar four-point function, 

i'^j da:i...da;4e*(f='^='+f*^*-fi^i-f^^=)(0| TP'{xi)P''{x2)P\x3)P'"{xa) |0) 



G-T^i Gt^u G-jYi G-jY 



2.(7r'(p3)7r™(p4)out|7r^(pi)7r'=(p2).n)e + --- . (5.5) 



{MI-pI)...{M^^-pI) 
The amplitude is related to the connected part of the matrix element through 

(^'(P3)7r"'(p4)out|7r'(pi)7r'=(p2)in)c = i{27rf6\p,+p^p:r-P4)A''''''"'is,t,u). (5.6) 
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Subsequently, we present a simple recipe to extract the tt^tt^ — > tt^tt^ amplitude 
from the explicit representation of the generating functional (3.15), (3.18) and 
(3.19): 

- Switch all explicit external fields off, including the field p'. Now the gen- 
erating functional Z = Z{0, (f)) depends on cj) only. 

- Perform the traces over the flavour matrices ct, F^F^, 7^7**, . . . 

_ i_ ^ . 

- The pion fields are rescaled, according to (jf^ = ^<jf. This step brings 
the quadratic terms (4.3) to normal form. 

- The scattering matrix clement may be read off from the terms of order 
{(jf^)'^{(j)^^Y. These contributions generate the on-shell fourfold pole in 
Eq. (5.5). 



6 TT+TT 7r°7r° scattering amplitude 

As a check, we calculated the tt+tt" — » amplitude to 0(p**,e^p^) from 

(3.15), (3.18) and (3.19). We compared the thus obtained expression with the 
result of Knecht and Urech [7], who used a photon mass as an infrared regulator. 
Upon identifying the infrared pole term in dimensional regularization with 

1 

^- = -32^(^ + ^^#)' ^'-'^ 
the two results are in agreement. 



6.1 Infrared singulcirities 

The on-shell matrix element contains infrared singularities generated by virtual 
photon contributions. Since we used dimensional regularization to treat the 
infrared pole terms, the amplitude is well defined in d 7^ 4 only. The essential 
loop function, which develops an infrared singularity as d ^ 4, is the scalar 
triangle diagram Gd{s) with one photon and two charged on-shell pion propa- 
gators. A discussion of the analytic properties of Gd{s), as well as an explicit 
representation of this function, is given in appendix B. 
Expanding the amplitude around threshold s = 4M^+ leads to 

in the Condon-Shortley phase conventions. Here, q denotes the relative 3- 
momentum of the charged pions and the Coulomb pole stems from the infrared 
region of the scalar triangle diagram (B.5). The quantity R.e^^7°° ^^^^ °^ 
infrared singularities. 

6.2 Amplitude at threshold 

We may now expand R.ej4j|j;^~°° in powers of the isospin breaking parameter 5, 

a = ^ = 0{5), {md^m^f = 0{5), (6.3) 
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according to 



- J^ReA+;°° = ao - 02 + hi{md - niuf + /12a + 0(^3/2). (6.4) 



The combination ao — 02 denotes the S-wave scattering length difference in the 
isospin symmetry hmit rriu — md, a = [2], 



ao - 0,2 



9M2+ 
327rF2 



1 + 



2887r2i^^ 



(33 + 8h + 16/2 - 3^3 



O(m^). (6.5) 



The coefficients hi and /12 of the isospin breaking contributions are given by 
[22, 23], 



hi = 

h2 = 



0{m), 

3^e.m. 



327raF2 



f23 y 3- 



3M2 



2567r2F2' 

where A^™- denotes the physical mass difference at m„ = md, 

A!.-™- = A^| 

and p{ki) stands for the following combination of low-energy constants 



(6.6) 



(6.7) 



4Z 

p{ki) = -30 + 9A:i + 6fc3 + 2k& + ks + — (fci + 2fc2 + 6/04 + 12A;6 - &k&) . (6.8) 



7 Summary and Outlook 

In the present paper we constructed an explicit representation of the generating 
functional for SU(2)r x SU(2)l x U(l)v with virtual photons at first non-leading 
order in the low-energy expansion [0(p^, e2p2)]. The explicit form includes 
graphs, where up to two pions and at most one photon are running in the loop. 
It has been shown in [7] that the ultraviolet divergences of the one-loop func- 
tional are absorbed by the corresponding counterterms of 0{p'^, e^p^). For non- 
exceptional 4-momenta the generating functional is thus finite as d — » 4. Never- 
theless, if we want to extract on-shell matrix elements, we encounter in general 
infrared singularities, generated by soft photon contributions. We use dimen- 
sional regularization to treat these infrared pole terms and therefore specify the 
explicit form of the generating functional in d ^ 4 dimensions. 
As a check of the one-loop functional, we evaluated the tt+tt" — » 7r°7r° scattering 
amplitude at order p'^,e^p^. The thus obtained result agrees with the one in 
Ref. [7]. 

Furthermore, we specify the electromagnetic corrections to the decay constants 
and G^r, which measure the one-particle matrix elements of the isovector 
axial and pseudoscalar currents. 

The extension to SU(3)r x SU(3)l is in progress [19]. It will provide a compar- 
ison with the n — K amplitudes already available in the literature [18]. 
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A Kernels 



Here, we explain the notation used in subsection 3.3. We consider the Fourier 
transforms (s = p^) 



K^{p,Mf,Ml) = J d^ze'P'K^{z,Mf,Mi), 
M;,{p,MlMl) = j d''ze^P^M;^{z,MlMl). 
The kernel K^j, remains ultraviolet finite as — > 4, 



K^{p,Mf,Ml) 
where J{s) = J{s) — J(0) and 



J{s,Mt,M^), 



Jis,MlMl) = \jAl 



(A.1) 



(A.2) 



(A.3) 



The renormalized kernel MJ^^ reads: 



Ml,{p,MlMl) 
with 

M^{s,Mf,Mi) -- 



Y {Mf-q^){M^-{p-qn 

{P>.P. - 9t..s)M^{s, Ml Ml) - g^,L{s, Ml M^), (A.4) 



^^^1^ { [s - 2{Mf + Mi)] J{s, Ml Ml) 
+ ^^Ml - Ml)'j{s,MlMl)} - ^k{MlMl) 



1 



Lis, Ml Ml) 
and 

Jis) = 
k{MlMl) = 



^^{Mi-Ml)^J{s,Mf,Ml), 



288772 ' 

(A.5) 



J(s) - sJ'(O), 
1 

32n^Mf-Ml) 



Mln^-Ml\n^ 



(A.6) 



We list the ultraviolet finite kernels and M^^ in d ^ 4 dimensions, because 
we encounter an infrared singularity, if we expand the charged pion self-energy 
around its physical mass. This pole term, which comes from J'(M2^ , M^^ , 0), 
leads to an infrared divergent scaling factor in Eq. (4.4). 
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Furthermore, we introduce the Fourier transform 

T{pi,p2) = J d'^ud'^ve'P'''e'P'''T{u,v), (A.7) 

and similarly for the other kernels Ti^,Ti^ij and Tj^^ in Eq. (3.19). Then we 
have 

T{pi,P2) = I, 

Tiu.{pi,P2) = ipiij,! - 2il^, 

T2fi{pi,P2) = ip2fil - '2ilf_t, 

T3f,{Pl,P2) = «(pi +P2)^/ - 2«/^, 

Ti^u{pi,P2) = 4/^1/ - 2(pi +P2)m^ - 2pi,y/^ + (pi +^2)^^11/-^, 

T2f,u{Pl,P2) = 4/^1. - 2(pi +P2)i.-''^ - 2p2M^ +P2^(Pl +P2)i.-f, 
Ts/ni. {Pl , P2) = 4/^^ - 2pi^/^ - 2p2i./^ + PlnP2vI, 

TIIAPUP2) = i{-87;^, + 4(pi+p2)%,. + 4(pi+p2)./;-2(pi-p2)/. 

-2(pi +P2)i,{pi+P2)t.I'' + {Pl •P2)(P1 +P2)uI} , (A.8) 

with 

/TT T T f {1, k^, k^k,y, kf^ki^kp} /'A Q^ 

V, - . J ^2^^, _ _ _ _ fc)2)(_p)- l^-yj 

The integrals / and 7^ are ultraviolet finite, but / develops an infrared singular- 
ity for on-shell 4-momenta (see appendix B). The functions /^^ and I^vp have 
ultraviolet poles at d = 4: 

Tif,u{Pi,P2) = T[p^{pi,p2) +2g^r,\ i = l,...,3, 

ti:api,p2) = n:{pi,P2) + ¥Kd-i){Pi+P2)u- (a.io) 



For non-exceptional 4-momenta the renormalized quantities Tl^^, and T^l re- 
main finite as d — > 4. 



B Scalar vertex function 

The scalar vertex function Gd(s) is given by 

1 f d'^k 1 11 

^"^'^ = ~ij {2'kY Ml^ - (pi - kf Ml^ - {p2 + kf ^^-^^ 

where pi, P2 denote the on- shell 4- momenta of the incoming 7r+, tt^ mesons and 
s = {pi +P2Y- The vertex function is ultraviolet finite, but develops an infrared 
singularity at = 4. (At p^ ^ -^^+) the singularity would be absent). 
For s > 4Af^+, the function has a cut along the positive real axis. Expanding 
the vertex function in d — 4 for arbitrary s > 4:M^+ yields 

1 2 , .T.i+^ , A 1 



Gd{s) = --^ < 2n^ + 4Li^— + In 



327r2sa 1 — cr \1 — ct 

-21n-^ 1 + 327r2Affl + In^ 
1 - cr V 



1 + 327r^Affi + In— + 0(rf - 4), (B.2) 




with 

. = ^1-^, (B.3) 

and 



Li(0)=Li2(l-^)= r du-^. (B.4) 

Ji 1 - M 

If we expand (B.2) near threshold s = 4:M^+ + 4q^, which corresponds to path 
a in Fig. 2, we find 

Gd{s) = -^7^72-^— I 2 ( ^ + ^^TT^'^^fi + 



64M^+ t |q| 7r2 V " 2M,+ 

/ /M,+ |q| \ / 2 4q2 

+ - -p-p - TTV^ 1 + 327r Xm + In— 

- 4) + 0(q2), (B.5) 

where q denotes the relative momentum of the incoming pions in the CM frame. 
The singular contributions ~ l/|q| are generated by small values of the variable 
of integration k in (B.l). 

On the contrary, if we first evaluate the vertex function at threshold in d 7^ 4 
dimensions 



and then expand in d — 4, i.e we choose path b in Fig. 2 

+ 0(rf-4), (B.7) 



M2, 

7r+ 



1 / M2, 



327r2 V 

we are left with the constant term in Eq. (B.5). 
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C Coupling constants and Cj^ 

In presence of electromagnetic interactions the coupling constants of the isovec- 
tor axial and pseudoscalar currents to the pion are given by^, 

[(3+f )fcl-^fc2-fc9] 



647r2 



-3fc3 -4^fc4] +0(e2TO,)|, (C.l) 



and 



+^ [(3+f)fci-^fc2-i(5 + 4Z)fc5 



+f (1 + 8Z) fee + (1 - 8Z) ks] + + 0(e2m,)|, 



e2 



= G. + 2i?F|^([3-2Z4) + ^[(3+f)fci-^fc2 

-3fc3 - 4Zfc4 - I (5 + 4Z) fcs + f (1 + 8Z) fee] + 

+ "32.^^^ ln^ + 0(e-m,)|. (C.2) 

The quantities F,r and G,r denote the coupling constants at a = and m„ = md 

[2], 



- - 

G^ = 2BF[l-^^;^{k-2h)+Oiml)]. (C.3) 

Due to the infrared pole term, F„+ and Gjj.+ are well defined in 7^ 4 dimensions 
only. 

The coupling constant of the isoscalar to the pion is of 0{{md — m„), e^) 
G.^l^!%^/. + ^fc.. (C.4) 



^Thc coefficient of ^ Cjfcj in F^o differs by a factor 1/2 from the corresponding expression 
inRef. [7]. 
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